Unlike animals that possess interactions such as spatial cognition or hierarchical dispositions \[[@R14]--[@R16]\], the interactions of reconstituted \[[@R11]--[@R13],[@R17],[@R18]\] or synthetic \[[@R19]--[@R22]\] model systems stem purely from physical interactions among the constituents. Although weak alignment forces have been proposed to be sufficient for the polar ordering transitions \[[@R11]\], no experimental data are available that quantify the interaction rules between the constituents. Due to the lack of experimental data for such interaction rules, microscopic studies assume either an average rule over the particles in the neighbourhood \[[@R23], [@R24]\] or that all binary interactions lead to perfect polar alignment \[[@R5]\].

Here we provide the angle resolved binary collision statistics for a paradigmatic experimental active system; the actomyosin motility assay. The experimental system consists of only two main components: actin filaments and non-processive motor proteins heavy-meromyosin (HMM) \[[@R11]--[@R13], [@R25]\]. Actin filaments move on a lawn of HMM by consumption of adenosine triphosphate (ATP) at a constant speed of approximately 4*µm/s*, which is ensured in the experiment by using high ATP concentrations. The orientation of a single filament motion is determined solely by the head and the motion itself displays no longterm directionality, where the randomness of the system is generated by the pushing of the motors.

To obtain the binary collision statistics, the experiments are conducted under dilute conditions with filament densities between 0.005*ρ~c~* and 0.06*ρ~c~*, where *ρ~c~* ≈ 5 filaments/*µm*^2^ is the critical density for the disorder-order transition \[[@R11]\]. Only short filaments *L* = 2 − 5*µm* are considered to ensure that collisions are binary and also that the collision angles can be unambiguously defined, which becomes difficult for longer filaments due to the intrinsic bending of the filaments. When two filaments encounter each other, for the majority of the collision events filaments readily cross each other. Despite the frequent crossing events we observe various tendencies in the binary collisions: polar alignment, anti-polar alignment and events where the filament orientation hardly changes ([Figs. 1a--c](#F1){ref-type="fig"}). To quantify these tendencies we measure the incoming angle *θ*~12~ = *θ*~1~ − *θ*~2~ along with the outgoing angle $\theta_{12}^{\prime} = \theta_{1}^{\prime} - \theta_{2}^{\prime}$ ([Fig.1d](#F1){ref-type="fig"}; see [Methods](#S1){ref-type="sec"}). Binary collisions alone are extracted and all non-binary collisions are neglected. All filament densities in the dilute regime demonstrate similar quantitative behaviour for the experimentally obtained binary collision statistics $\theta_{12}^{\prime}(\theta_{12})$ ([Fig. 2a](#F2){ref-type="fig"}), where unaffected collisions, $\theta_{12}^{\prime} = \theta_{12}$, are represented by a diagonal line in the diagram. The similarity in the behaviours indicates that there are no significant spatial correlations between the filaments for the dilute densities considered.

The distribution *P*(*θ*~12~) of the incoming angle exhibits an asymmetric shape which is consistent with the Boltzmann scattering cylinder for rods \[[@R8], [@R9]\] when considering the assumption of slender rods ([Supplementary Information](#SD1){ref-type="supplementary-material"}), which gives *P*(*θ*~12~) ∝ Γ(*θ*~12~) = 2*Lυ*~0~\| sin (*θ*~12~/2)\| · \| sin*θ*~12~\| (see red line in [Fig. 2b](#F2){ref-type="fig"}). Here, *L* denotes the filament length and *υ*~0~ is the filament speed. The limiting case of slender rods is justified since actin filaments have a length of *L* = 2 − 5*µm* and a diameter of *d* ≈ 8*nm*. The Boltzmann scattering cylinder Γ describes the frequency of collisions between propelled particles of constant speed as a function of the relative angle *θ*~12~, which is derived by geometric considerations. Due to the large aspect ratio, incoming angles close to 0° and 180° are less likely for slender rods, and the corresponding distribution is asymmetric.

Averaging the experimentally obtained binary collision statistics $\theta_{12}^{\prime}(\theta_{12})$, we see that while most events for incoming angles *θ*~12~ \> 80° are indeed largely unaffected by the collision, at highly acute *θ*~12~ a clear polar bias can be recognised: $\theta_{12}^{\prime}$ is smaller than *θ*~12~ ([Fig. 2c](#F2){ref-type="fig"}). The distribution of $\theta_{12}^{\prime}(\theta_{12})$ is significantly skewed toward polar outcomes for highly acute *θ*~12~ and anti-polar outcomes for *θ*~12~ close to 180° ([Fig. 2d](#F2){ref-type="fig"}). Because of this strong skewness, all data points of the experimental binary collision statistics and not just the average and standard deviation are required to make a proper prediction on the existence of transition to polar order. Using the average of the collision statistics can lead to the loss of important information concerning the collision events and can ultimately cause a wrong prediction on the existence of polar order \[[@R7]\].

To connect the microscopic dynamics to the meso- or macroscopic pattern formation and ordering transition in active systems, the Boltzmann equation for propelled particles has been successfully applied \[[@R5]--[@R10]\]. The Boltzmann equation describes the mesoscopic particle motion and maps the pre-collision states on the post-collision states, which enables the analytical prediction of the onset to polar order. It determines the time evolution of the one-particle distribution function *f* (**r**, *θ*, *t*), where **r** are the coordinates, *θ* is the particle orientation, and *t* is time: $$\partial_{t}f(\textbf{r},\,\theta,\, t) + \upsilon_{0}\hat{\textbf{v}}\text{(}\theta\text{)} \cdot \nabla f(\textbf{r},\theta,t\text{)}\,\text{=}\, D_{\theta}\partial_{\theta}^{2}f + C\lbrack f^{(2)}\rbrack.$$ The streaming term, $\upsilon_{0}\hat{\textbf{v}}(\theta) \cdot \nabla f(\textbf{r},\theta,t)$, accounts for the movement of particles with velocity $\upsilon_{0}\hat{\textbf{v}}(\theta)$, where *υ*~0~ denotes the constant speed and $\hat{\textbf{v}}(\theta) = (\text{cos}\theta,\text{sin}\theta)$. Angular fluctuations are described as $D_{\theta}\partial_{\theta}^{2}f$ (see Refs. \[[@R20], [@R26]\]), with *D~θ~* denoting the angular diffusion constant. The collision integral,*C*\[*f*^(2)^\], captures the effect of binary filament collisions and the filament geometry. It consists a two-particle density *f*^(2)^ (**r**, *θ*~1~, *θ*~2~, *t*), which can be written in the absence of correlations as *f*^(2)^(**r**, *θ*~1~, *θ*~2~, *t*) = *f*(**r**, *θ*~1~, *t*)*f*(**r**, *θ*~2~, *t*). The collision integral *C*\[*f*^(2)^\] plays a key role since the experimentally obtained data enter this term, which determines whether a transition to polar order exists or not. *C*\[*f*^(2)^\] can be divided into a loss (−) and a gain (+), *C*\[*f*^(2)^\] = *C^−^*\[*f*^(2)^\] + *C*^+^\[*f*^(2)^\], \[[@R7]\]: $$C^{-}\lbrack f^{(2)}\rbrack = - {\int_{- \text{π}}^{\text{π}}{d\theta^{\prime}\,\Gamma(}}\theta_{12})f^{(2)}(\theta,\theta^{\prime}),$$ $$C^{+}\lbrack f^{(2)}\rbrack = {\int_{- \text{π}}^{\text{π}}d}\theta_{1}{\int_{- \text{π}}^{\text{π}}{d\theta_{2}}}\frac{1}{2}{\sum\limits_{j = 1}^{2}{\Gamma(\theta_{12})f^{(2)}(\theta_{1},\theta_{2}) \times {\int_{- \infty}^{\infty}{d\eta_{j}}}}}p_{j}\left( \eta_{j} \middle| \theta_{12} \right){\sum\limits_{m = - \infty}^{\infty}\delta}\left( {\theta_{j} + \eta_{j} - \theta + 2\pi m} \right),$$ where we omitted time and space dependencies for brevity. The gain and loss contributions are derived from integrating over all possible pre-collision orientations of the particles. Each pre-collision orientation is multiplied by a frequency given by the Boltzmann collision cylinder for rods, Γ(*θ*~12~), on the post-collision angle using the definition $\left. \theta_{j}\rightarrow\theta_{j} + \eta_{j}(\theta_{12}) = \theta_{j}^{\prime} \right.$, *j* ∈ {1, 2}, where *η~j~* denotes the change of the *j*-th particle orientation. For a given relative pre-collision angle *θ*~12~, the orientation of particle *j* changes by *η~j~* (*θ*~12~) with probability *P~j~*(*η~j~*\|*θ*~12~)*dη~j~*. The experimental scattering statistics ([Fig. 2a](#F2){ref-type="fig"}) is equivalently expressed in terms of *P~j~*(*η~j~*\|*θ*~12~) ([Figs. 3a,b](#F3){ref-type="fig"}; [Supplementary Information](#SD1){ref-type="supplementary-material"}). If the filaments are indistinguishable, two important symmetry properties of *p~j~* need to be satisfied: 1) Particle exchange symmetry *p*~1~(*η*~1~\|*θ*~12~) = *p*~2~(*η*~2~\| − *θ*~12~), 2) Mirror symmetry *p*~1~(−*η*~1~*\|θ*~12~) = *p*~1~(*η~1~\| − θ*~12~), where the same argument applies for *p*~2~. Indeed both are obeyed in the experimentally obtained binary collision statistics of the actomyosin motility assay system ([Figs. 3c,d](#F3){ref-type="fig"}; [Supplementary Information](#SD1){ref-type="supplementary-material"}). This indicates that experimental uncertainties, such as the narrow filament length distribution, do not influence or bias the binary collision statistics.

[Equation (1)](#FD1){ref-type="disp-formula"} is now analysed in terms of Fourier modes, where all Fourier coefficients are determined by the comprehensive binary collision statistics *p~j~* \[[@R7]\]. The Fourier representation is a good starting point to derive the homogeneous and linearised equations for the coarse-grained momentum g, *∂~t~*g = *ν*g. The calculation also yields the coefficients *ν* in terms of *p~j~*. The equations for the momentum become unstable for *ν* \> 0, thus the transition density of polar order corresponds to *ν* = 0 \[[@R5], [@R26]\]. Specifically, the coefficient $\nu = - D_{\theta} + \overline{\nu}\lbrack p_{j}\rbrack\rho\upsilon_{0}L/\pi$, where $\overline{\nu}\lbrack p_{j}\rbrack$ contains the comprehensive binary collision statistics *P~j~* ([Figs. 3a,b](#F3){ref-type="fig"}). See [Supplementary Information](#SD1){ref-type="supplementary-material"} for the detailed mathematical expressions. Importantly, for the onset of polar order (*ν* \> 0), $\overline{\nu}$ must be positive.

Using the experimental data ([Figs. 2b](#F2){ref-type="fig"} and [3a,b](#F3){ref-type="fig"}), we find $\overline{\nu} \approx - 0.094$ for binning of Δ*θ*~12~ = 15° and Δ*η* = 15° (see [Supplementary Information](#SD1){ref-type="supplementary-material"} for details on the computation of $\overline{\nu}$ using experimental data). The negative sign of $\overline{\nu}$ computed from the experimental data is robust against binning of *η* and *θ* ([Supplementary Information](#SD1){ref-type="supplementary-material"}). This implies that the binary collision description is insufficient to explain the ordering transition in the experimental system, for any density *ρ* and the isotropic state is linearly stable. This statement is independent of the value of the rotational diffusion constant *D~θ~* since it opposes the formation of polar order, expressed by a negative sign in *ν*. We test the consistency of our results with analytic predictions for a well established theoretical model system where rods interact by half-angle alignment (*η~j~* = *θ~i~*/2 − *θ~j~*/2) \[[@R5], [@R6]\], which results in $\overline{\nu} \approx 1.008$ ([Supplementary Information](#SD1){ref-type="supplementary-material"}) agreeing well with Refs. \[[@R6], [@R7]\] and thus enables the correct prediction of an order transition.

Though we show that polar order cannot be reached when neglecting angular correlations (molecular chaos), small locally aligned filament clusters could still trigger the onset of polar order by binary collisions \[[@R7], [@R27]\]. To model such weak orientational correlations we write *f*^(2)^(**r**, *θ*~1~, *θ*~2~, *t*) = *χ*(*θ*~12~)*f*(**r**, *θ*~1~, *t*)*f*(**r**, *θ*~2~, *t*), where *χ*(*θ*~12~) characterises the precursor angular correlations; for χ = 1 angular correlations are absent leading to the assumption of molecular chaos. Led by recent studies of angular correlations in a self-propelled particle system \[[@R7]\], we emulate angular correlations as *χ*(*θ*~12~) = 1 + *A*/*θ*~12~. *A* is a free parameter that determines the strength of orientational correlations. For *A* = 0 correlations are absent, whereas large *A*-values corresponds to small, locally aligned filament clusters. We find that using different strengths of angular pair-correlations *A* does not change the negative sign of the kinetic coefficient ([Supplementary Information](#SD1){ref-type="supplementary-material"}). This implies that even a collection of pre-formed weakly aligned filaments, which collide accordingly to the experimental data *p~j~* ([Figs. 3a,b](#F3){ref-type="fig"}), cannot cause the system to order. It effectively augments the dealigning contributions, causing $\overline{\nu}$ to decrease with increasing the magnitude of *χ*. We conclude that, independent of the assumptions of zero-noise and molecular chaos, the pattern formation observed in the motility assay cannot be explained solely by succession of binary filament collisions.

The transition to polar order seen in the experiment can however be understood by multi-particle collisions: Already for densities one order of magnitude below the transition density, binary collision are rare, characterised by the experimentally determined ratio *R* = *n*~binary~/*n*~all~ of binary collisions *n*~binary~ to all collisions *n*~all~ ([Fig. 4a](#F4){ref-type="fig"}). At *ρ* = 0.06*ρ~c~* less than 10% of all collisions are binary. Thus for densities close to the transition density *ρ~c,~* filaments predominantly encounter multi-particle collisions.

More importantly, multi-filament collisions are essential for the transition to polar order, which is manifest in the dependence of the transition density on the filament length. At a given filament density *ρ* ≈ 16 filaments/*µm*^2^, long filaments with length *L*~long~ = 4 − 7*µm* are able to form polar structures ([Fig. 4b](#F4){ref-type="fig"}), while an assay of short filaments with length *L*~short~ = 0.5 − 3*µm* remain in the isotropic state ([Fig. 4c](#F4){ref-type="fig"}). Yet, at a higher concentration *ρ ≈* 30 filaments/*µm*^2^, short filaments are able to create clusters. At this higher concentration of filaments the long filament system is already in the density wave regime \[[@R11]\].

As the exact nature of the length dependence on the transition density *ρ~c~* indicates the microscopic mechanism of the transition, we systematically vary the average filament lengths from 2 − 10*µm* and determine *ρ~c~* ([Fig. 4d](#F4){ref-type="fig"}). For a gas of propelled particles, where binary collisions are dominant ([Eq.(1)](#FD1){ref-type="disp-formula"}), the transition density is defined by *ν* = 0 and hence *ρ~c~* is expected to scale with 1/*L* (see [Supplementary Information Eq. (S8)](#SD1){ref-type="supplementary-material"}). Thus, in this slender rod limit, the collision probability is determined only by the length of the collision partner. Yet, we observe here an approximately quadratic behaviour for *ρ~c~* (*L*) ([Fig.4d](#F4){ref-type="fig"}), ruling out the gas-like picture for this system. At the transition density *ρ~c~*, the total number of simultaneous collisions for a filament of length *L* is constant: *ρ~c~L*^2^ ≈ 200 − 300 ([Fig. 4d](#F4){ref-type="fig"} inset). Importantly, this implies that it is the total number of simultaneous collisions and not the filament length itself which defines the order transition.

The presented results challenge our current understanding on the polar ordering transition in active systems. Such polar ordering transition is not determined purely by the number of particles in the system but rather by the degree of multi-particle collisions. Systems governed by such features could well be described by kinetic models that incorporate collisions of arbitrary number of partners \[[@R28], [@R29]\] or goes beyond the mean-field assumption where it does not rely on Boltzmann's approximation of molecular chaos \[[@R30]\], which still depend on the individual interactions. The uniqueness of the actomyosin motility assay that enables the access to all microscopic interactions and parameters set a quantitative basis for further development of our understanding of ordering phenomena in this diverse class of materials.

Methods {#S1}
=======

Assay preparation {#S2}
-----------------

We used standard protocols to prepare the actin filaments and heavy meromyosin (HMM) motor proteins. Fluorescently labelled filaments stabilised with Alexa Fluor 488 phalloidin were used to visualise filaments with a fluorescence microscopy. Flow chambers built from nitrocellulose-coated coverslips were incubated with HMM (0.05*µ*g/ml). BSA was used to passivate the surfaces inside the chamber after the incubation with HMM and then a dilute solution of actin filaments (binary collision: approximately 10-100nM, filament length dependency: approximately 3--10*µ*M) was introduced. We added 2mM ATP to enable the HMM to drive the filaments and a standard antioxidant buffer supplement was used to prevent oxidation of the fluorophore. Filament length was adjusted by shearing. For details of protein and assay chamber preparations, refer to [Supplementary Information](#SD1){ref-type="supplementary-material"}.

Imaging {#S3}
-------

A Leica DMI 6000B inverted microscope was used to acquire data. A 100× oil objective (NA: 1.4) was used for the binary collision experiments and a 40× oil objective (NA: 1.25) for the filament length dependency experiment. Images of resolution 1344×1024 pixels and time resolution of 0.13 seconds were captured with a CCD camera (C4742-95, Hamamatsu) attached to a ×1 (for binary collisions) and ×0.35 (for filament length dependency) camera mount.

Data analysis {#S4}
-------------

For the binary collision experiments, filaments are identified by labelling connected components in the binary images and then are skeletonised, using Matlab. A cubic spline fit is applied to the skeletonised filaments to obtain coordinates for the filament contour. The coordinates for the filament head is used to determine *θ*~1,2~ and ${\theta^{\prime}}_{1,2}$. A collision is defined when two filaments touch each other, until they are separated. Any collision events involving three or more filaments are classified as non-binary. See [Supplementary Information](#SD1){ref-type="supplementary-material"} for more detail.
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![Experimental binary collisions.\
**a-c**, Time traces of representative experimental binary collisions. **a**, Polar alignment. **b**, Anti-polar alignment. **c**, Absence of alignment. Scale bar is 2*µm*. **d**, Definition of scattering geometry. Collisions follow the general form of (*θ*~1~, *θ*~2~) → (*θ*~1~+*η*~1~, *θ*~2~+*η*~2~).](emss-64048-f001){#F1}

![Experimentally obtained binary collision statistics for the actomyosin motility assay.\
**a**, Scatter plot of $\theta_{12}^{\prime}(\theta_{12})$. Red open squares and blue solid circles represent *ρ*~low~ = 0.005*ρ~c~* and *ρ*~high~ = 0.06*ρ~c~*, respectively. Green solid line represents the collisions that are unaffected $(\theta_{12}^{\prime} = \theta_{12})$. Here, the numbers of collisions investigated are *N*~low~ = 1,113 and *N*~high~ = 646. **b**, Incoming angle statistics. Red solid line corresponds to the Boltzmann scattering cylinder for rods with slender rod assumption *L* ≫ *d*. Error bars: $\pm \sqrt{N_{bin}}$. **c**, Mean plot of **a** via binning by *θ*~12~. Green broken line again represents unaffected collisions. Indication of weak polar bias where $\theta_{12}^{\prime} < \theta_{12}$ for highly acute *θ*~12~. Error bars: Standard deviation. **d**, Skewness of $\theta_{12}^{\prime}$ distribution with respect to *θ*~12~. Positive and negative skewness correspond to polar and anti-polar alignment, respectively. Skewness of 2 corresponds to an exponential distribution. In **b-d**, *ρ* = *ρ*~low~.](emss-64048-f002){#F2}

![Comprehensive binary collision statistics p~j~(*η*~j~\|*θ*~12~) and their symmetry properties.\
**a**,**b**, *p*~1~(*η*~1~\|*θ*~12~) and *p*~2~(*η*~2~\|*θ*~12~). **c**, Quantitative test of particle exchange symmetry, *p*~1~(*η*~1~\|*θ*~12~) = *p*~2~(*η*~2~\| − *θ*~12~). **d**, Quantitative check of mirror symmetry, *p*~1~(−*η*~1~\|*θ*~12~) = *p*~1~(*η*~1~\| − *θ*~12~). Binning: Δ*θ*~12~ = 15° and Δ*η* = 15°.](emss-64048-f003){#F3}

![Evidence of multi-filament collisions.\
**a**, Ratio *R* = *n*~binary~/*n*~all~ of binary collisions *n*~binary~ to all collisions *n*~all~. Grey zone on the right indicates the ordered phase. **b--d**, Filament length dependence on transition density *ρ~c~*. **b**, At filament density *ρ* ≈ 16 filaments/*µm*^2^, long filaments form polar ordered active clusters. White arrows show examples of cluster motion direction. **c**, For short filaments at the same density as **b**, no polar order emerges. In **b--c**, scale bars are 100*µm*. **d**, Log-log plot of *ρ*~c~(*L*), showing an approximately quadratic dependence. Solid line shows best fit of *L*^1.71^. Error bars: Standard deviation for both *ρ*~c~ and *L*. Inset: Degree of multi-filament collisions *ρ*~c~*L*^2^ against filament length *L*.](emss-64048-f004){#F4}
